Abstract. We present a local classification of smooth surfaces in P 3 via projective transformations in accordance with singularity types of central projections with codimension ≤ 4. We also discuss a relation between our classification of Monge forms and a classification of binary differential equations associated to asymptotic curves.
1. Introduction 1.1. Normal forms. In projective differential geometry, local properties of a surface in 3-space was intensively investigated by Darboux and others in the end of the 19th century, while some new interests and ideas have recently been brought from singularity theory, generic differential geometry and applied mathematics such as computer-vison [1, 2, 4, 13, 16, 17, 20] ; for example, geometric features of a multi-parameter family of surfaces in 3-space are of particular interest in application. In the present paper, we deal with a classification of jets of surfaces in P 3 via projective transformations, which gives a new insight of the classical subject from a singularity theoretic approach. We mainly work over R. Throughout this paper, we identify R 3 with an open chart of the projective space, {[x : y : z : 1]} ⊂ P 3 , and consider germs of surfaces in R 3 at the origin given by Monge forms z = f (x, y) with f (0) = 0 and df (0) = 0. We say that two germs or jets of surfaces are projectively equivalent if there is a projective transformation on P 3 sending one to the other. A classically well-known fact is that at a general hyperbolic point of a surface, the jet of the Monge form is projectively equivalent to xy + x 3 + y 3 + αx 4 + βy 4 + · · · where moduli parameters α, β are primary projective differential invariants (those should be compared with the Gaussian/mean curvatures in the Euclidean case and the Pick invariant in the equi-affine case, cf. [15, 23, 26] ). Our aim is to present this kind of expression for degenerate Monge forms. Most interesting is the parabolic case.
Projective transformations preserving the origin and the xy-plane form a 10-dimensional subgroup of P GL (4) , which acts on the space of jets of Monge forms. We then give an invariant stratification of the jet space of Monge forms under the action of projective transformations and describe the normal form of each stratum up to codimension 4. This is a natural extension of the result of Platonova [16] (see also [1, 2, 12] ) on the classification of jets of Monge forms for a generic surface, which corresponds to the case of codimension ≤ 2 in our list. Our main theorem is stated as follows: Theorem 1.1. Let M be a closed surface and U an open neighborhood of the origin in R 2 (parameter space). There is a residual subset O of the space of 2-parameter families of smooth embeddings φ : M × U → P 3 equipped with C ∞ -topology so that each φ ∈ O satisfies that for arbitrary point (x 0 , u) ∈ M × U the p-jet of Monge form of the surface M u (= φ(M × u)) at x 0 is projectively equivalent to one of the normal forms at the origin given in Tables 1, 2 , 3 with codimension s (≤ 4).
In Tables, α, β, · · · are moduli parameters and φ k denotes arbitrary homogeneous polynomials of degree k; the last column means singularity types of the functions at the origin. For hyperbolic, parabolic and flat umbilical cases, each stratum is completely determined by its projection type (i.e. singularity type of projection along the asymptotic line), that is explained in the next §1.2 and §2.2. This characterization is quite relevant -e.g. classes Π p I,k can not be distinguished by using types of height functions, the parabolic curves and asymptotic curves, but can be so by the difference of singularity types of projection from a special isolated viewpoint. The same approach to the classification of surfaces in P 4 is considered in [11] . Remark 1.2. In the case over C, the elliptic case and the sign difference in Tables are omitted. Theorem 1.1 can be restated in the algebro-geometric context by mean of a Beltini-type theorem for the linear system of projective surfaces of degree greater than p. Remark 1.3. In the normal forms listed in Tables, continuous moduli parameters α, β, · · · and higher coefficients must be projective differential invariants in the sense of Sophus Lie; in fact, there is a similarity between our arguments and those in a modern theory of differential invariants due to Olver [15] . Besides, those leading parameters may have some particular geometric meanings. For instance, at a cusp of Gauss (that is a point of type Π p c,1 on the surface), the coefficient α of x 4 in the normal form coincides with the Uribe-Vargas cross-ratio invariant defined in [24] . Further, we will see that the coefficient of x 5 in the same Monge form corresponds to the position of a special viewpoint lying on the asymptotic line ( §2.2). Also we discuss in the final section §4 a partial connection between our parabolic Monge forms and a topological classification of differential equations (BDE) defining nets of asymptotic curves ( §1.3); indeed α, β, · · · are related to initial moduli parameters of the BDE. of source and target, respectively. Obviously, if two germs of surfaces are projectively equivalent, then they admit the same A-types of projections from arbitrary viewpoints. As a generalization of Arnold-Platonova's result [17] , Kabata studied in [13] central projections of generic families of surfaces in the context of A-classification theory of plane-to-plane germs [12, 18, 19] . In particular, he showed that all A-types of A-codimension ≤ 6 appear in central projections of generic 2-parameter families of surfaces
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. We then use part of Kabata's result and classify jets of degenerate Monge forms up to projective transformations. In particular, Platonova's degenerate classes Π Table 2 ] break into much finer classes in jet spaces of higher order.
(A-classification) Typical singularities are of fold and cusp types, whose normal forms are given by (y, x 2 ) and (y, xy + x 3 ), respectively. More complicated A-types of plane-to-plane map-germs are classified by Rieger [18, 19] . We follow his notations; A-types with codimension ≤ 6 are named by 1, 2, · · · , 19 as in [18, [19] ; they are characterized by some specified p-jets listed in Table 4 below, and called equisingularity types I k , · · · , VI (see [13] ). For our convenience, provisionally we add two types of 4-jets with codimension greater than 6, which are type A-type normal forms of p-jets p codim. Table 4 . Equisingularity types of plane-to-plane germs with Acodimension ≤ 6 [19] adjacent to VI (c = 0):
(Projection type) The projection type in Tables means the A-type of the central projection from arbitrary viewpoint lying on the asymptotic line. Here the entire Monge form is assumed to have appropriately generic higher terms of order > p added to the prescribed normal forms of p-jet in Tables.
For instance, look at the class Π p c,1 ; the stratum has codimension 2 in the jet space, thus the class appears at some isolated point on a generic surface, that is classically called an (ordinary) cusp of Gauss point. In Table 1 the corresponding projection type is written as "III 2 (III 3 )". That means that the central projection from almost all viewpoints lying on the asymptotic line has the Gulls singularity III 2 , while the projection from some exceptional isolated viewpoint is of type III 3 worse than Gulls type. If α = 0, we have the degenerate class Π p c, 4 ; it has codimension 3, so it appears generically in 1-parameter family of surfaces with the projection type IV 1 . In case that α = The latter type appears generically in a 2-parameter family of surfaces, and the projection from any viewpoints on the asymptotic line is of type III 3 or worse. See §2.2 for the detail.
1.3. Net of asymptotic curves. At each hyperbolic point of a surface in P 3 , there are exactly two asymptotic lines (lines which are tangent to the surface with more than 2-point contact); they are invariants under projective transformations. The integral curves, called asymptotic curves, form a pair of foliations on the hyperbolic domain, which is classically named by the net of asymptotic curves. The parabolic curve is the locus of singular points of asymptotic curves, and in fact it is the locus of points on the surface whose Monge form is of type Π p I,1 or more degenerate ones. At a general parabolic point, the asymptotic curve has a cusp at that point, and the asymptotic curve is tangent to the parabolic curve at an ordinary/degenerate cusp of Gauss, i.e. a point of class Π p c,k (k ≥ 1). The net of asymptotic curves is defined by a binary differential equation (BDE). In a general setting, Davydov [9, 10] and Bruce-Tari [4, 5, 6, 21, 22] has presented the topological classification of (families of) BDE. We then compare our classification of Monge forms with the general classification of BDE (Propositions 4.1, 4.3, 4.4). Furthermore, interestingly enough, we will see that the flat umbilic class Π f 2 corresponds to a type of 3-parameter family of BDE studied in Oliver [14] .
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Jets of Monge forms
2.1. Central projection. Assume that R 4 is equipped with the standard inner product. Let p = [p] ∈ P 3 , called a viewpoint, and let W p ⊂ R 4 denote the orthogonal complement to the vector p ∈ R 4 . The central projection π p is the map from P 3 − {p} to the projectivization P(W p ) given by
and Φ A : P 3 → P 3 the projective transformation defined by A. Obviously, Φ A (p) = 0 ∈ R 3 and Φ A (W p ) = P 2 . We identify π p with
If the viewpoint is at infinity, i.e. p = (p, 0) with p = (a, b, c) ∈ R 3 , then the projection is given by for
Hence it induces the orthogonal projection (or parallel projection) in R 3 along the line generated by the vector p; if a = 0 and v = b/a, w = c/a, then we have by a linear transform on target R 2
Let M be a surface in R 3 (⊂ P 3 ) around the origin with the Monge form
Take a viewpoint p = (a, b, c) with a = 0, and then the central projection from p is locally written by
If p is chosen to be at infinity in P 3 , then
Given a surface M and a point x ∈ M , we are interested in the singularity types (as plane-to-plane map-germs) of central projections ϕ p,f : M, x → R 2 , 0 from arbitrary viewpoint p ∈ P 3 − M . We say two germs η 1 , η 2 : R 2 , 0 → R 2 , 0 are A-equivalent if there are diffeomorphism-germs σ, τ of source and target R 2 at the origins such that
2.2. Criteria. Now, assume that the x-axis is an asymptotic line of M at the origin and p lies on it, i.e. b = c = 0. Then, taking new coordinatē x = x andȳ = y(x − a) −1 , the projection is of the form
According to Rieger's classification [18] and useful criteria in [13] for A-types of plane-to-plane germs, one can determine local types of singularities of ϕ p,f . In fact, for each A-type in Rieger's list, Kabata explicitly described in [13] the necessary and sufficient condition on coefficients c ij so that the germ of ϕ p,f at the origin is A-equivalent to the type. Elliptic case and umbilical case are easy, so we omit them. For the hyperbolic and parabolic cases, we may assume that j 2 f = xy and j 2 f = y 2 , respectively, by some linear transformation. In Tables 5 and 6 , the middle column stands for Kabata's closed condition on c ij and the right is the corresponding projection type, i.e. the A-type of ϕ p,f . The condition defines an invariant stratum named by class Π * * , * (left).
Notice that some open condition on c ij is implicitly imposed for each class in the list, e.g., in Table 5 , we understand that c 40 = 0 for Π h 3,4 to distinguish the type from others. In Table 6 of the parabolic case, A, B, P, · · · are polynomials in c ij given as follows. They are defined by Kabata's criteria for the appearance of singularity types I k , III k and VI in central projections from special isolated viewpoints. We explain it below (see also [13] ); it is always assumed that c 11 = 0, c 02 = 0 and p = (a, 0, 0) with a = 0 (possibly a = ∞). Table 5 . Criteria of (A-) equiangularity types for projections at a hyperbolic point [13] . Table 6 . Criteria of (A-) equiangularity types for projections at a parabolic point [13] . It is assumed that c 11 = 0 and c 02 = 0, and A, B, P, · · · , S are some polynomials in c ij . A point of type Π ). The type I 2 (lips/beaks) is just the case of δ = 0. Therefore, the projection is of type I 2 from almost all viewpoints lying on the asymptotic line (x-axis), i.e. Ca + D = 0, while there is a unique viewpoint p = (−D/C, 0, 0) (or the infinity if C = 0) so that the projection is of type I 3 or worse. Let p be the special viewpoint. Then the degenerate projection is written by ϕ p,f = (y, x 3 + i+j≥4 a ij x i y j ) in some local coordinates; we put P = a 13 , Q = a 14 −
cond. type
• P = 0 ⇐⇒ ϕ p,f ∼ A I 3 (Goose type); (if p is at the infinity, δ is a non-zero multiple of A). By the definition, the germ is of type III 2 (Gulls) if and only if δ = 0, and the condition δ = 0 determines the special viewpoint for type III 3 or worse. There are three cases:
• Π Remark 2.1. If we take attention in the difference of A-types belonging to the same equisingularity type, it leads to a more finer stratification. For instance, look at a surface of type Π h 3,5 . We observe Butterfly 6 : (y, xy + x 5 + x 7 ) from general viewpoints and Elder Butterfly 7 : (y, xy + x 5 ) from at most two special viewpoints, where these A-types are of the same equiangularity type II 5 -indeed they are distinguished in Platonova's list [16] . More precisely, let c 11 = 0 and c 20 = c 02 = 0, then Π h 3,5 is characterized by c 30 = c 40 = 0, and there is a quadric equation A 1 a 2 + A 2 a + A 3 = 0, where A i are polynomials of c ij , so that the solution a gives the special position of points for viewing Elder Butterfly. Obviously, the number of such viewpoints (0, 1 or 2) is a projective invariant, so Π h 3,5 can be divided into two open subsets and a closed subset of codimension 1 in the stratum Π h 3,5 . Remark 2.2. It would be interesting to take the same approach for studying projections of singular surfaces in 3-space, e.g. the image of a certainly 'nice' map-germ R 2 , 0 → R 3 , 0. Indeed West [25] studied parallel projections of a generic crosscap up to affine transformations of target 3-space (see [27, 28] for non-generic crosscaps).
2.3.
Flat umbilic points. For a flat umbilic point, any tangent line is asymptotic, thus for any viewpoint lying on the tangent plane, the projection type should be considered. Let z = f (x, y) be the flat umbilic Monge form at the origin and p = (a, b, 0), and then the following are verified by Kabata's criteria [13] (the argument below is also true for the case that p is at the infinity).
First, consider the class Π 3. Proof of Theorem 1.1 3.1. Projective equivalence. Let 0 ∈ R 3 ⊂ P 3 . A projective transformation on P 3 preserving the origin and the xy-plane defines a diffeomorphismgerm Ψ :
where
Note that there are 10 independent parameters u 1 , · · · , w 3 . For Monge forms z = f (x, y) and z = g(x, y), we denote j k f ∼ j k g if k-jets of these surfaces at the origin are projectively equivalent. That is equivalent to that there is some projective transformation Ψ of the above form so that
where F (x, y, z) = q 3 /p − f (q 1 /p, q 2 /p) and o means Landau's symbol. We shall simplify jets of the Monge forms via projective transformations. Let f (x, y) = i+j≥2 c ij x i y j . For a simplified form g(x, y), the equation (1) yields a number of algebraic equations in u 1 , · · · , w 3 , and then our task is to find at least one solution in terms of c ij (we use the software Mathematica for the computation). As for the 5-jet, we define Π 2 As an exception, if c40 = 1, we see by the same manner that x 3 y can not be killed via any projective transformations, so the normal form is y 2 + x 2 y + x 4 + c31x 3 y. 3.5. Elliptic case. There is no way to characterize higher jets of elliptic Monge forms subject to projection type, because the projection is always of fold type. Instead, we imitate the procedure classifying jets in the hyperbolic case in a formal sense. A major difference from the hyperbolic case is that at a general elliptic point, one modulus parameter appears in the 3-jet. Nevertheless, all computations are similar. In this section, we establish a relation between parabolic normal forms in Theorem 1.1 and local bifurcations of nets of asymptotic curves. These curves are defined by a differential equation of particular form on the surface, which had been studied in classical literatures (e.g. [23, 26] ). Here we take a modern approach from dynamical system. First we recall some basic notions in a general setting. A binary differential equation (BDE) in two variables x, y has the form
with smooth functions a, b, c of x, y. We can regard a BDE as a map R 2 → R 3 assigning (x, y) → (a, b, c) and consider the C ∞ -topology. A BDE defines a pair of directions at each point (x, y) in the plane where δ(x, y) := b(x, y) 2 − a(x, y)c(x, y) > 0. Around a hyperbolic point, i.e. δ > 0, the BDE locally defines two transverse foliations, thus of our interest is the BDE around a point with δ = 0; such points form the discriminant of the BDE. At any point of the curve, the direction defined by BDE is unique, and any solution of BDE passing the point generically has a cusp. We say two germs of BDE's F and G are topological equivalent if there is a local homeomorphism in the xy-plane sending the integral curves of F to those of G. One can separate BDE into two cases. The first case occurs when the functions a, b, c do not vanish at the origin at once, then the BDE is just an implicit differential equation. The second case is that all the coefficients of BDE vanish at the origin. Stable topological models of BDEs belong to the first case; it arises when the discriminant is smooth (or empty). If the unique direction at any point of the discriminant is transverse to it (i.e. integral curves form a family of cusps), then the BDE is stable and smoothly equivalent to dy 2 + xdx 2 = 0, that was classically known in Cibrario [7] and also Dara [8] . If the unique direction is tangent to the discriminant, then the corresponding point in the plane is called a folded singularity, and the BDE is stable and smoothly equivalent to dy 2 + (−y + λx 2 )dx 2 = 0 with λ = 0, In both cases, the topological classification of generic 1 and 2-parameter families of BDEs have been established in Bruce-Fletcher-Tari [4, 6] and Tari [21, 22] , respectively. We use those results below. Besides, we need a generic 3-parameter family of BDE studied in Oliver [14] . 4.2. BDE of asymptotic curves. Consider the surface locally given by Monge form (x, y, f (x, y)) around the origin. Then asymptotic lines are defined by f yy dy 2 + 2f xy dxdy + f xx dx 2 = 0, which we call asymptotic BDE for short. The discriminant is the same as the parabolic curve. We are interested in asymptotic BDE around parabolic and flat umbilic points. Obviously, if two germs of surfaces are projectively equivalent, then their asymptotic BDE's are equivalent to each other. Each class in our Theorem 1.1 is a moduli stratum of projective equivalent classes of Monge forms, and each topological type of asymptotic BDE also contains moduli parameters. Although there seems no direct connection between these two classifications, we will see a partial correspondence between them. In fact, each classification is intimately related to the singularity type of the height function (i.e. the Monge form). The parabolic curve can be seen as the locus where the height function has A ≥2 -singularities; when the height function has a A Combining these results with our Theorem 1.1, the following propositions are immediately obtained. Table 1 correspond to structurally stable types of BDE given in [7, 8, 9] .
• Π p I,k (1 ≤ k ≤ 4) : the parabolic curve is smooth and the unique direction defined by δ = 0 is transverse to the curve; the BDE is smoothly equivalent to dy 2 + x dx 2 = 0.
• Π Table 6 appears in [6, p.501] , and also S = 0 if and only if the 2-jet j 2 δ(0) is non-degenrate, hence the normal form follows from Theorem 2.7 (and Prop. 4.1) in [6] . For Π p c,2 , c 30 = B = 0 and A = 0 in Table 6 completely coincide with the condition for A 4 -transition in [6, p.502] , and the normal form of BDE is immediately obtained (cf. [10] ). For the class Π f 1 , the asymptotic BDE is given in [4, Cor. 5.3] : indeed, for the normal form of Π f 1 , the parabolic curve is defined by 3x 2 − y 2 + 18βxy 2 + · · · = 0, hence it has a node at the origin for any parameters α, β. Table 1 correspond to some topological types of BDE with codimension ≥ 2. Below c ij are coefficients of the normal form of each class.
• Π p v,2 : the Monge form has an A 3 -singularity at the origin, at which the parabolic curve has a cusp singularity; the BDE is topologically equivalent to the cusp type in [21] the Monge form has a D 5 -singularity at the origin, at which the parabolic curve has a cusp singularity; the BDE is topologically equivalent to a cusp type 2 in [14] x 2 dx 2 + 2ydxdy + xdy 2 = 0.
Proof : For the first three classes, it suffices to check the condition for BDE in Proposition 4.1 of [21] . Indeed, for each of three classes, our condition described in Table 6 of §2.2 and additional conditions described above, λ 1 , λ 2 , λ 3 = 0, are found in [21, p.156] , and the jets of BDE are given there (see Theorem 1.1 of [21] for the normal forms). For Π
